Abstract. We study the birational geometry of the moduli space of complete n-quadrics X. We exhibit generators for Eff(X) and Nef(X), the cone of effective divisors and the cone of nef divisors, respectively. As a corollary X is a Mori Dream space. Furthermore, we run the MMP on X and find a moduli interpretation for the models induced by the generators of the nef cone. For complete quadric surfaces, we describe all the birational models of X induced by the movable cone and find a moduli interpretation for some of such models.
Introduction
In 1864 Chasles [Cha64] introduced the space of complete conics in order to solve a famous enumerative problem. The space introduced is a moduli space parameterizing conics with a marking; it can be seen as follows. Let C and C * be a smooth conic and its dual conic, respectively. The space of complete conics is the closure of the set of pairs X = {(C, C * )} ⊂ P 5 × P 5 * . Soon after, Schubert in his seminal work [SCH81] introduced the higher dimensional generalization: the moduli space of complete n-quadrics, which parametrizes marked n-quadrics.
In this paper we study the birational geometry of the classical space of complete n-quadrics X using the Minimal Model Program (MMP). In other words, we use the definitions and theorems of the MMP on X in order to study spaces X(D), which are called models of X, whose geometry depend on effective divisors D of X. For example, the space of complete conics has two such models: the projections to P 5 and P 5 * . We provide an explicit description of all the models in the next dimensional case which is the space of complete quadric surfaces (See Theorem A). In this case, we show there are eight distinct such models.
Remarkably, models obtained by running the MMP on a moduli space often have themselves a moduli interpretation. A priori, there is no reason for this to be the case. However, Hassett and Keel first exhibited this phenomenon in the context of the Deligne-Mumford compactification of the moduli space of Riemann surfaces M g [Has05] , [HH13] , [HH09] . In the same vein, Arcara, Bertram, Coskun and Huizenga [ABCH13] showed that the same phenomenon holds for the models of Hilb n (P 2 ), a compactification of the configuration space of n points on the plane. In this case, they explicitly demonstrate that the models can be interpreted as moduli spaces of Bridgeland stable objects on P 2 . We show this phenomenon also holds true for birational models of the moduli space of complete quadrics. Theorem A and Theorem C, are thus examples in which the unexpected phenomenon first found by Hassett and Keel is valid.
Theorem A. The cone of effective divisors of the space of complete quadric surfaces has eight Mori chambers. Furthermore, we find a moduli interpretation for some of the birational models induced by such a chamber decomposition.
In particular, this result says that the space of complete quadric surfaces is a Mori Dream space. This holds in general as we will show later. Moreover, the moduli structure on each of the models above admits an explicit description in terms of classical geometry. For example, a smooth quadric surface Q ⊂ P 3 contains two rulings; these are two 1-parameter families of lines. When the surface varies in a family, so do the rulings. However, this latter family may not be flat. Since the rulings also determine Q, when we impose to the rulings to vary flatly, they determine a family of complete quadric surfaces. The association between the space of complete 2-quadrics and the space of flat families of lines contained in quadrics is not an isomorphism, but it induces a flip.
The proof of Theorem A will rely on the relation between X (See Definition 2), and M 0,0 (G(1, 3), 2), the Kontsevich moduli space of stable maps. The latter space is a two-fold ramified cover of the former. The birational geometry M 0,0 (G(1, 3), 2) is analyzed by Chen and Coskun [CC10] .
In higher dimensions, we start our study of the birational geometry of the space of complete (n − 1)-quadrics X by exhibiting generators for Eff(X) and Nef(X), the cone of effective and nef divisors, respectively. Let us introduce the set of generators for the nef divisors whose mention can be found in Schubert [Sch79] . Definition 1. Let H i ⊂ X denote the closure in X of the subvariety parametrizing smooth quadric hypersurfaces in P n which are tangent to a fixed linear subspace of dimension i − 1.
Let us now introduce the generators of the cone Eff(X). The Lie group SL n+1 C acts on X with the following properties: there is an open dense SL n+1 C-orbit in X which is isomorphic to X
• := SL n+1 /N , where N is a suitable subgroup; outside this open dense subset, X\X
• is the union l i E i of smooth boundary divisors E i with transversal intersection and where l is the dimension of the maximal anisotropic torus of SL n+1 /N . We show that any effective class on X is a linear combination of these E i 's with non-negative coefficients.
Theorem B. Let X be the space of complete (n − 1)-quadrics. The cone of effective divisors on X is generated by boundary divisors Eff(X) = E 1 , . . . , E n . Furthermore, the nef cone is generated by Nef(X) = H 1 , . . . , H n .
The previous results and [BCHM10] imply that the space X of complete (n − 1)-quadrics is a Mori Dream space.
Taking the two dimensional case as a guiding example, we describe a moduli structure on the models X(H k ) (See definition on page 6) induced by the generators of the nef cone. Let us define the space which carries the desired moduli structure.
The second order Chow variety Chow 2 (k, X) parametrizes tangent k-planes to complete (n − 1)-quadrics. In other words, if Q ⊂ P(V ) is a smooth quadric, then the tangent k-planes to Q are parametrized by the Chow form CF Q ⊂ G(k, n), which is a degree 2 divisor. Thus [CF ] is an element in |O G (2)| ⊂ P(S 2 (Λ k V )). The association Q → CF Q , induces a birational morphism
We define the second order Chow variety Chow 2 (k − 1, X) as the image of ρ k .
Theorem C. Let X be the space of complete (n − 1)-quadrics. The birational model X(H k ) induced by any generator of the nef cone Nef(X) is isomorphic to the normalization of Chow
The paper is organized as follows. Section 1 studies higher dimensional quadrics. It contains the proof of Theorem B and Theorem C. From section 2 onwards, we focus on the case of surfaces. Section 2 studies divisors on the space of complete quadric surfaces X. Section 3 contains the stable base locus decomposition of Eff(X). Section 4 describes some birational models that appear in Theorem A. Section 5 contains the proof of Theorem A. We include a final section where we describe how this work unifies results of J.G. Semple [Sem48] , [Sem52] . We finish with remarks about representation theory and the relation of this work with GIT quotients.
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Higher dimensional complete quadrics
We work over the field of complex number throughout. In this section, we prove Theorem B and Theorem C. Let us define X, the space of complete (n−1)-quadrics. Let Q ⊂ P n = P(V ) be a smooth quadric hypersurface. It defines a symmetric linear map Q : V → V * , which induces a symmetric linear map
. If Q is smooth, then the association Q → Λ k Q is injective up to multiplication by scalars. Consequently, we get an embedding of X
• , the family of smooth quadric hypersurfaces in P(V ), into the space
Definition 2. We define the space of complete (n − 1)-quadrics X as the closure
The following result yields an alternative description for the space X. Let P N , where N = n+2 2 − 1, be the space parametrizing quadric hypersurfaces in P n . We can stratify P N in terms of the rank of the quadrics hypersurfaces,
where Φ i denotes the locus of quadrics of rank at most i. The space of complete quadrics is obtained as a sequence of blowups of P N along all the Φ i 's, for i ≤ n − 1.
, whereΦ k denotes the strict transform of the locus of quadrics of rank at most k. The space of complete (n − 1)-quadrics X is isomorphic to X ∼ = BlΦ n−1 X n−2 .
From this result, it follows that the points along the boundary of X parametrize quadrics which are marked by another quadric over its singular locus. In other words, if Q ∈ X is a complete quadric of rank k, then Q = (Q , q) where Q is a quadric hypersurface in P n of rank k and q is a complete quadric over Sing(Q ) ∼ = P n−k in this case Q ∈ E k , for 1 ≤ k ≤ n − 1. The divisor E n is the strict transform of Φ n ⊂ P N , hence, Q ∈ E n represents a quadric of rank n.
Example: Suppose X is the space of complete 2-quadrics. A quadric of rank 1 whose marking consists of a double line with two marked points can be represented as Q = (x 2 0 , x 2 1 , (ax 2 + bx 3 )
2 ).
We now wish to prove Theorem B. Recall we denoted by H i , for 1 ≤ i ≤ n, the closure in X of the smooth quadrics tangent to a fixed (i − 1)-plane Λ ⊂ P n . We refer the reader to [Tho96] for a comprehensive description of the tangency properties of complete quadrics and linear subspaces.
Proof of Theorem B. We make use of the following strategy. Let NE(X) be the dual cone of Nef(X); this is the Mori cone of effective curves. If the divisors H i 's are basepoint-free, then H 1 , . . . , H n ⊂ Nef(X). The opposite containment is equivalent to H 1 , . . . , H n ∨ ⊂ Nef(X) ∨ ∼ = NE(X). We show this latter statement holds by showing that the dual curves to H 1 , . . . , H n are effective curves.
The divisors H i are basepoint-free. In other words, given Λ i a linear subspace of dimension i − 1 and Q ∈ X such that H i (Λ i ) vanishes on Q, then we can find a distinct Λ i such that H i (Λ i ) does not vanish on Q. Indeed, if Q is smooth or dim Sing(Q) < codimΛ i , then it is clear. If dim Sing(Q) ≥ codimΛ i , then Λ i is tangent to the complete quadric Q = (Q , q) as long as the restriction Λ i |Sing(Q) is tangent to the marking-quadric q [See, [Tho96] ]. If the marking-quadric q is smooth, then H i (Λ i ) does not vanish on Q if the restriction Λ i |Sing(Q) is not tangent to q. In case the marking-quadric q is singular, we repeat the previous argument for the restriction Λ i |Sing(q). So, inductively, we can find Λ i such that the complete quadric Q is not tangent to Λ i and consequently H i (Λ i ) does not vanish on Q. Hence, H i is basepoint-free and H 1 , . . . , H n ⊂ Nef(X).
Let us show the opposite containment. Consider the following flag,
where each F i stands for a linear subspace of dimension i − 1 contained in F i+1 . By considering a non-reduced scheme structure on each subspace F i , we can interpret the flag Fl • as a complete quadric of rank 1 whose nested marking all have rank 1. Hence, by letting the subspace F i vary inside F i+1 and such that it contains F i−1 , we get a curve Fl i ⊂ X for each 1 ≤ i ≤ n. Observe that Fl j .H i = δ ij . This implies that the curves Fl 1 , . . . , Fl n span the dual cone to H 1 , . . . , H n . Since the Fl i are effective, the result follows. Let us now prove the claim about the effective cone. It is clear that E 1 , . . . E n ⊂ Eff(X). To show that this is an equality, we consider a general effective divisor D and show that it can be written as a linear combination D = a 1 E 1 + · · · + a n E n , where a i ≥ 0 for all i. In order to do that, consider the following curves which sweep out each boundary divisor E k , for 1 ≤ k ≤ n − 1. Let us denote by B k the 1-parameter family of complete quadrics Q = (Q , q) ∈ E k , such that Q is fixed and the marking quadric q ⊂ P n−k ∼ = Sing(Q ) varies in a general pencil of dual quadrics. In other words, the following intersection numbers hold,
and zero otherwise. In fact, the number B k .E k+1 = n − k + 1, as it is the number of times the marking quadric q becomes singular. On the other hand, observe that
Let D = a 1 E 1 + · · · + a n E n be a general effective divisor. Then, it does not contain any of the curves B k . It follows that B k .D ≥ 0 and by the inequalities (1),
By intersecting D with a general pencil G ⊂ P N , we get that 0 ≤ a 1 . This finishes the proof.
The following corollary tells us that the MMP yields finitely many models when applied to X. Proof. Vainsencher's Theorem in page 3 implies that one can compute the canonical class of X recursively as follows.
where N = n+2 2 − 1 and Γ i denotes the codimension of the locus
we can write the canonical class K X in terms of the generators of the nef cone,
Hence, X is Fano by Theorem B. The corollary follows from [BCHM10] .
We now prove Theorem C. Since the entries of
is a bijection over the locus of non-singular quadrics. Indeed, given two non-singular matrices A and B, if each of the respective (k × k)-minors of A and B are equal, then A = λB for some non-zero λ.
Definition 4. Let Q ⊂ P n be a smooth quadric hypersurface. The second order
Lemma 5. Let Q ⊂ P n be a smooth quadric hypersurface. The second order Chow form CF Q = Λ k Q is equal to the k-th wedge of Q.
Proof. Let L ⊂ P n be a k-plane and q = Q|L be the restriction of Q to L. If L is not contained in Q, then the k-plane L is tangent to Q if q is singular, which is equivalent to det q = 0. Observe that the k-plane L ∈ G(k, n) belongs to the zero locus of the Chow form CF Q if and only if L belongs to the zero locus of the quadric
It follows that det q = 0 if and only if L is in the zero locus of Λ k Q. Hence, CF Q and Λ k Q define the same divisor on G(k, n)
This lemma implies that the image of the projection ρ k : X → P(S 2 (Λ k V )) carries a moduli interpretation: it parametrizes tangent (k − 1)-planes to complete quadrics. We define the second order Chow variety
Theorem C. Let H k be a generator of Nef(X), the nef cone of X. For each 1 ≤ k ≤ n, the model
is isomorphic to the normalization of the second order Chow variety.
, and the morphism ρ k :
is the projection onto the kth-factor. In order to establish that
ν , it suffices show that both ρ k and the induced map φ H k : X → X(H k ) contract the same extremal rays in NE(X). (See, [Laz04] for a proof of this fact.) By Theorem B, we know that φ H k contracts the classes Fl j for j = k, which generate the Mori cone of curves NE(X). In order to show that the morphism ρ k contracts those same curve classes, we use a parametric representation of them. Let us describe such a parametrization.
This description follows closely [Sem52] and [Tyr56] . We write a complete quadric as Q = M t qM , where the matrix M = (M ij ) has 1's along the diagonal, and M k,k+1 = t k are affine parameters above the diagonal, and zero otherwise. For example, M has the following form in case n = 3,
The matrix q = [1, q 1 , q 1 q 2 , . . . , q 1 · · · q n ] is a diagonal matrix, where q j are affine parameters. Observe that the matrix M as described above and q r = 0, for 1 ≤ r ≤ n, gives rise to the complete quadric
where the marking has rank 1. We obtain a parametrization of the representatives for the curve classes F j ∈ NE(X), when q 1 = · · · = q n = 0 and t k = 0 for all k = j, [See, [Tyr56] ]. Hence, the parameter t j in the expression of M , is an affine parameter of the curve Fl j .
In order to conclude that ρ k contracts Fl j for j = k, it suffices to show that t l = 0 for l = j (in particular t k = 0), make the form
For example, consider n = 3, from the following matrix,
it follows that ρ 2 contracts F 1 = {t 2 = t 3 = 0} and F 3 = {t 1 = t 2 = 0}. The fact that q = [1, 0, . . . , 0] simplifies a great deal the computation of Λ k Q in general. We omit the details since no difficulty arises. This completes the proof.
Remark. The previous result considers the projection of X onto the kth-factor. One can consider other projection morphisms. For instance, let i = (i 1 , . . . , i n ), for 1 ≤ i l < i j ≤ n. One can project ρ i : X → P i1 ×· · ·×P ij , where P ij = P(S 2 (Λ ij V )). Assuming that Λ 0 V = C, and using this notation the projection morphisms in the previous result are of the form ρ i , where
By the observation made before Definition 4, the projection maps ρ i are birational morphisms. The ρ i provide, in general, a number of birational models of X. A good deal of the rest of the paper is devoted to fully understanding all these projection maps in the case when n = 3.
Complete quadric surfaces
Semple [Sem48] , [Sem52] studied in detail the space of complete quadric surfaces X. The rest of this paper is devoted to further studying X by applying the Minimal Model Program (MMP).
We will be able to interpret the spaces studied by Semple as models X(D) where D ∈ Nef(X). This section contains the preliminaries needed to show more; we aim to describe all the models X(D), where D is in the movable cone Mov(X), and exhibit such models as moduli spaces.
Let us recall some well-known properties of the space X. Following [Vai82] , the space X ∼ = BlΦ 2 X 1 , where X 1 is a blowup of P 9 along Φ 1 , the locus of symmetric matrices of rank 1 andΦ 2 denotes the strict transform of the locus of symmetric matrices of rank 2. We can also obtain X by blowing up P 9 * , the space of dual quadrics in P 3 , in the same manner. The divisor classes H i in Pic(X), as defined in the introduction, coincide with the class of the strict transform of a generator of the ideal of Φ i ⊂ P 9 . Indeed, let us denote by p : X → P 9 the blowup map, clearly p * (O P 9 (1)) = H 1 . Moreover, let h 1 and h 2 be two generators of the ideals I(Φ 1 ) and I(Φ 2 ), respectively. Since
in Pic(X), we can compare these classes with those of H 2 and H 3 .
Lemma 6. Let H 2 , H 3 be the divisors as in Definition 1. Their classes in Pic(X) are
Proof. Let G, C 2 , L 2 ⊂ X be the following test curves. The curve G stands for a general pencil, C 2 is defined by the product of a fixed plane P 0 and a pencil of planes P t such that C 2 = {P 0 P t }. The curve L 2 is defined by fixing two planes whose intersection is the line l and letting one of the two marked points on l vary.
The following numbers determine the class of H i for i = 2, 3.
The normal bundle N E2\X ∼ = O E2 (−1). Then, the restriction to the generic line
we write H i = aH 1 + bE 2 + cE 3 for i = 2, 3, and use the test curves G, C 2 , L 2 to find the values of a, b, c, the result follows.
In the following proposition, we denote by H 1 the pull-back of O P 9 (1) and H 2 the pull-back of a generator of the ideal I(Φ 1 ). The information provided by this proposition is put into context in page 17.
Proof. H 1 is clearly an extremal ray of the nef cone. The divisor H 2 is basepointfree by definition and we have that H 2 .S = 0, where S denotes a pencil Q 1 + tQ 1 of quadrics of rank 1. Since the curve S sweeps out the secant variety Sec(Φ 1 ) = Φ 2 , then H 2 induces a small contraction φ 1 : X 1 → Z.
The canonical divisor K X1 = −10H 1 − 5E 1 = −5H 2 . Hence, K X1 .S = 0 and X 1 is a flop of a space Y 1 over Z in the following diagram.
where X 1 as above and Y 1 = Bl Φ1 P 9 * . The morphism φ 1 is induced by the sublinear series of (2 × 2)-minors cutting out Φ 1 ⊂ P 9 scheme-theoretically. Observe that the morphisms both π 1 and π 2 contract the divisor E 2 .
The following divisor class, and the model induced by it, was not analyzed in [Sem52] . To the best of our knowledge, this constitutes new information about the birational geometry of X.
Definition 8. Let P denote the closure in X of smooth quadrics Q such that the induced 2-plane Λ Q ⊂ P 5 by one of the rulings of Q has non-empty intersection with a fixed 2-plane in the Plucker embedding of G (1, 3) .
Lemma 9. The divisor class of P is
Proof. The assertion follows from the following intersection numbers P.C * 1 = 0, P.R 2 = 4, P.C 3 = 0 , where the curves C * 1 , R 2 , C 3 are defined as follows. The curve C * 1 is defined as a double plane with a pencil of dual conics on it. Let R 2 denote the strict transform to X of the pencil Q 2 + λQ 2 , where Q 2 and Q 2 denote quadrics of rank 2 in P 3 . The curve class C 3 is defined by a cone over a general pencil of conics.
Let us compute the intersection number P.R 2 . Since R 2 .E 2 = 2 and R 2 .E 1 = R 2 .E 3 = 0, then it induces a 2-fold cover of curves γ(λ) → R 2 (λ), where γ(λ) represents the curve of 2-planes induces by the pencil R 2 . Indeed, for each λ, the lines contained in the complete quadric quadric Q(λ) ∈ R 2 (λ) form two curves C λ , C λ in the Grassmannian G(1, 3) . This is the Fano variety of lines F 1 (Q) (or a flat limit of it). Each of such curves C λ is contained in a unique 2-plane Λ C λ ⊂ P (G(1, 3) ). Thus,
The numbers P.C * 1 = 0 and C 3 .P = 0 follow from the fact that all the conics induced by them lie in a fixed plane. The result follows.
Stable Base Locus Decomposition
In this section, we compute the base locus decomposition of Eff(X). In order to do that, we need curve classes and their intersection numbers with divisors. We summarize such intersection numbers in the following table.
The curve class G (respectively, G * ) stands for the strict transform to X of a general pencil in P 9 (respectively, P 9 * ). The class of C 1 (respectively, C * 1 ) is defined by considering a general pencil of conics (respectively, dual conics) on a fixed double plane. The curve class C 2 is defined as the product of a fixed plane P 0 and a pencil of planes P t such that the marking is fixed. The class C 3 consists of the cone over the pencil of conics in a fixed plane. The curve C 1,2 consists of a pencil of rank 2 conics on a double plane. Such a pencil of conics is a fixed line l 0 and a pencil of lines whose base-locus is on l 0 . Similarly, the curve L 2 is defined by fixing two planes whose intersection is the line l and letting one of the two marked points on l vary. Notation. We denote by C(H 1 , P ) the positive linear combinations aH 1 + bP such that 0 ≤ a and 0 < b.
Proposition 10. The stable base locus decomposition partitions the effective cone of X into the following chambers:
(1) In the closed cone spanned by non-negative linear combinations of H 1 , H 2 and H 3 , the stable base locus is empty. (2) In the domain bounded by H 1 , H 3 and P union c(H 1 , P ) ∪ c(H 3 , P ), the stable base locus is E 1 ∩ E 3 and consists of double planes marked with a rank 2 singular conic. (3) In the domain bounded by H 3 , E 3 and P union c(H 3 , E 3 ) ∪ c(P, E 3 ), the stable base locus consists of the divisor E 3 . (4) In the domain bounded by H 1 , E 1 and P union c(H 1 , E 1 ) ∪ c(P, E 1 ), the stable base locus consists of the divisor E 1 . (5) In the domain bounded by P , E 1 and E 3 union c(E 1 , E 3 ), the stable base locus consists of the union E 1 ∪ E 3 . (6) In the domain bounded by H 3 , E 3 and E 2 union c(E 3 , E 2 ), the stable base locus consists of the union E 3 ∪ E 2 . (7) In the domain bounded by H 1 , E 1 and E 2 union c(E 1 , E 2 ), the stable base locus consists of the union E 1 ∪ E 2 . (8) In the domain bounded by H 1 , H 2 , H 3 and E 2 union c(H 1 , E 2 ) ∪ c(H 3 , E 2 ), the stable base locus consists of the divisor E 2 .
Figure 1. Stable base locus decomposition of Eff(X).
Proof. We will make use of the symmetry induced by the map ξ : X → X defined by sending the quadric Q to Λ 3 Q,
Note that ξ maps E 1 (respectively, H 1 ) to E 3 (respectively, H 3 ) and keeps E 2 (respectively, H 2 ) fixed. The stable base locus of the divisor ξ * (D) is equal to the inverse image under ξ of the stable base locus of D. The symmetry given by ξ will simplify our calculations.
By Theorem B, any divisor contained in the closed cone generated by H 1 , H 2 and H 3 is basepoint-free, hence its (stable) base locus is empty.
Let D be a general divisor D = aH 1 + bH 2 + cH 3 . Consider the curves C 1 and C 3 as defined above. Then,
Since the curve C 1 (respectively, C 3 ) covers E 1 (respectively, E 3 ), it follows that E 1 (respectively, E 3 ) is in the base locus of any divisor D satisfying b + 2c < 0 (respectively, a + 2b < 0). On the other hand, ξ maps the plane b + 2c = 0 to the plane b + 2a = 0. Consequently, E 3 is in the base locus of any divisor satisfying b + 2a < 0. Similarly, E 1 is in the base locus of the linear system |D| if c + 2b < 0. We conclude that E 1 is in the base locus of any divisor contained in the region bounded by E 1 , E 2 , H 1 and E 3 . Similarly, E 3 is in the base locus of any divisor contained in the region bounded by E 3 , E 2 , H 3 and E 1 .
Let now the curve classes C 2 and L 2 be as defined above. We have the following,
Since both the curves C 2 and L 2 cover the divisor E 2 , then E 2 is in the base locus of any divisor D satisfying a < 0 as well as c < 0. The inequality a < 0, tells us the union E 2 ∪ E 3 is in the base locus of any divisor in the region bounded by E 3 , H 3 and E 2 union c(E 3 , E 2 )∪c(H 3 , E 2 ). Similarly, the union E 2 ∪E 1 is in the base locus of any divisor in the region bounded by E 1 , E 2 , H 1 union c(E 1 , E 2 ) ∪ c(H 1 , E 2 ). By intersecting these two regions, the union E 3 ∪ E 1 is in the base locus in the region bounded by E 1 , P and E 3 union c(E 1 , E 3 ). By equation (5) above, E 3 is in the base locus in the region bounded by E 3 , H 3 and P , union c(P, E 3 ) ∪ c(H 3 , E 3 ). Symmetry implies that E 1 is in the base locus in the region bounded by P , H 1 and E 1 union c(P, E 1 ) ∪ c(H 1 , E 1 ).
Let C 1,2 be the curve as defined above. We have that
Since deformations of C 1,2 cover the intersection E 1 ∩ E 3 , this locus E 1 ∩ E 3 is in the base locus of any divisor contained in the region bounded by H 1 , H 3 P and c(H 1 , P ) ∪ c(H 3 , P ). Finally, E 2 is in the base locus for any divisor |D| in the region bounded by H 1 , H 2 , H 3 and E 2 . This completes the description of the base locus decomposition of Eff(X). In order to finish the proof, we need to show that the stable base locus does not get any bigger than our description of it above.
(i) The divisors H 1 , H 2 , H 3 are basepoint-free by Theorem B. Hence, for divisors contained in the closed cone generated by H 1 , H 2 , H 3 the base locus is empty.
(ii) Since H 1 and H 3 are basepoint-free, it follows that for any divisor D in the interior of the cone generated by H 1 , H 2 and P the base locus of the linear system |D| is contained in that of |P |. The same applies for the walls c(H 1 , P ) and c(H 3 , P ). Observe that the base locus of |P | is the locus in X parametrizing those complete quadric surfaces whose rulings induce a double line in G (1, 3) . Indeed, for any complete quadric Q inducing either rank 3 or 2 conics in G(1, 3), there is a unique 2-plane in P 5 containing them. The indeterminacy of |P | does not get bigger because for any pair of 2-planes Λ i (i=1,2) in P 5 we can find another 2-plane missing them both. it follows that for Q a quadric defining a 2-plane Λ ⊂ P 5 , there is a D ∈ |P |, such that D does not vanish at Q. We conclude that the quadrics inducing double lines in G(2, 4) are in the base locus of P i.e., E 1 ∩ E 3 .
(iii-iv) Since P can be written as P = E 3 + 2H 1 = E 1 + 2H 3 , it follows that for any divisor D contained in the interior of the cone of E 3 , H 3 and P or along the wall c(H 3 , P ), the base locus of D must be contained in E 3 . Similarly for any divisor D contained in the interior of the cone of E 1 , H 1 and P or along the walls c(H 1 , P ), the base locus of D must be contained in E 1 .
(v) From the previous argument, any divisor D in the interior of the cone E 1 , E 3 and P the base locus must be contained in E 1 ∪ E 3 .
(vi-vii) Follows easily from what we said above.
(viii) Any divisor D in the interior of the cone generated by H 1 , H 3 and E 2 the base locus of D must be contained in E 2 . However, since we know the nef cone, then the base locus of any divisor in the complement of nef cone must be contained in E 2 . This completes the proof.
Corollary 11. The movable cone Mov(X) of X is the closed cone spanned by non-negative linear combinations of H 1 , H 2 , H 3 and P .
Birational Models of complete quadric surfaces
In this section we describe some birational models of the space X. We present the results very explicitly at the risk of making proofs longer than optimal. This approach will exhibit the moduli structure on the birational models constructed. 2 (1, X) . We define the second order Chow variety Chow 2 (1, X) as the parameter space of tangent lines to complete quadric surfaces. More precisely, let Q ∈ X be a smooth complete quadric and let T Q denote the set of tangent lines to it in the Grassmannian G = G (1, 3) . Since the class [T Q] = 2σ 1 ∈ A 1 (G), it follows that the subvariety T Q is defined by an element in the linear system |O G (2)|. Consequently, we have a map Q → T Q ∈ PH 0 (G, O(2)) ∼ = P 19 . The subvariety T Q is called a quadric line-complex.
Second Order Chow Variety Chow
Lemma 12. Let X • ⊂ X be the open subset parameterizing smooth quadric surfaces. Then, we have an embedding
by mapping a smooth quadric Q → T Q to its associated degree 2 hypersurface T Q ⊂ G(1, 3).
Proof. Let Q and Q two distinct smooth quadrics. Then there exists a point x ∈ Q which is not in Q . The tangent space T x Q contains a 1-parameter family of lines tangent to Q among which only 2 are also tangent to Q . This says that T Q = T Q as desired. The fact that φ is a morphism is clear as we can write down the equations defining it, and that is precisely what we do next.
Proposition 13. The map φ extends to a morphism ρ 2 : X → Chow 2 (1, X).
Proof. By Serre's criteria [page 266, [Eis95] ] the rational map φ extends to a complement of a subset of codimension 2. Furthermore, the space X is stratified by SL 4 -orbits as follows.
There is an open dense orbit X
Let us show that the map φ : (X • ) → P 19 extends to the divisor E 1 by performing the explicit computation. First, we exhibit the extension of the map φ to the open
To simplify the computations, let us assume Q t ⊂ P 3 is the family Q t = {x 2 + t(ay 2 + byz + cyw + dz 2 + ezw + f 2 w 2 ) = 0}. The limit as t → 0, is a complete
We proceed by definition in order to compute the Chow form T Q t . A line in l ⊂ P 3 is the image of the morphism
The line l is tangent to a quadric Q as long as the the restriction of Q to l consists of a single point (with multiplicity two). Therefore, the discriminant B 2 − 4AC = 0 of the quadratic polynomial in [α, β],
describes the equations desired, which in Plücker coordinates is T Q t = {ap 2 0 + bp 0 p 1 + dp
This shows that φ : X • → P 19 can be extended to the whole of E 1 . Similar computations show that there are extensions to all of E 2 and E 3 . Indeed, Since E 2 is SL 4 C-invariant, then we can assume that Q t = xy + t(az 2 + bzw + cw 2 ) and analyze the normal directions at this point. Following the same argument as above, we find that the associated hypersurface, in Plücker coordinates is
It follows that the (radical of the) limit as t → 0 coincides with the Schubert cycle 3) where L = {x = y = 0}. This gives the natural extension for φ |E2 as desired. The case for E 3 is clear. This completes the proof.
Semple's notation for X(H 2 ) is C 92 9 [19] . He showed [pg. 283, [Sem52] ] that ρ 2 (X) is normal. Hence, the following result follows for Theorem B.
Corollary 14. The morphism ρ 2 : X → Chow 2 (1, X) ⊂ P 19 contracts the divisor E 2 . Furthermore X(H 2 ) ∼ = Chow 2 (1, X).
Remark. The degree of Chow 2 (1, X) ⊂ P 19 has enumerative significance. It is the number of smooth quadric hypersurfaces in P 3 which are tangent to 9 fixed lines in general position. Such a number is 92.
The flip of X. We now aim at constructing the flip X + of the space of complete quadric surfaces. We will do so by analyzing a Z/2-action on Hilb 2x+1 (G(1, 3) ).
Definition 15. Let Hilb = Hilb 2x+1 (G(1, 3) ) denote the Hilbert scheme parametrizing subschemes of G(1, 3) ⊂ P 5 whose Hilbert polynomial is P (x) = 2x + 1.
Proposition 16. Let Hilb be as defined above, then
where OG ⊂ G(2, 5) denotes the Orthogonal Grassmannian inside the Grassmannian of 2-planes in P 5 .
Proof. Observe that a generic smooth curve with Hilbert polynomial P (x) = 2x + 1 in P 5 is a plane conic C. Thus, its ideal I C ⊂ k[p 0 , ..., p 5 ] is generated by a quadric F and three independent linear forms L 1 , L 2 , L 3 . Since C ⊂ G = G (1, 3) , the equation F is the quadric corresponding to the Grassmannian G ⊂ P 5 under the Plücker embedding. This description gives rise to a rational map
Hilb by assigning the 2-plane P defined by the independent linear forms (
Observe the exceptional locus of f consists of planes in P 5 such that there is a containment of ideals F ⊂ L 1 , L 2 , L 3 i.e., planes P which are contained in the quadric G ⊂ P 5 . We denote the locus parametrizing such planes by OG. This locus is precisely the Orthogonal Grassmannian. Now, we resolve the rational map f ,
The morphismf is an isomorphism. Indeed, the rational map f is birational as it has an inverse morphism g : Hilb → G(2, 5) defined as follows: let [C] ∈ Hilb be a generic element, then the ideal I(C) = (F ) + (plane) g → (plane) ∈ G(2, 5). It is clear that f • g = Id, hence f and consequentlyf are birational. Furthermore,f is a bijection. Indeed, since the exceptional divisor E ⊂ Bl GO (G(2, 5)) is a P 5 -bundle over OG, then we can write p = (P, C) where P ⊂ P 5 is a 2-plane and C ⊂ P is a plane conic. Thus, Zariski Main Theorem implies thatf is an isomorphism. Proof. The orthogonal Grassmannian OG has two components, hence the result follows.
If the field k is algebraically closed, then for a given a smooth quadric Q ⊂ P 3 , the Fano variety of lines F 1 (Q) ⊂ G(1, 3) consists of two smooth conics. By exchanging such conics we get a Z/2-action on Hilb 2x+1 (G (1, 3) ).
Lemma 18. There is a nontrivial globally defined Z/2-action on Hilb 2x+1 (G (1, 3) ).
Proof. Let Q ⊂ P 3 be a smooth quadric hypersurface. The Fano variety of lines F 1 (Q) is the zero locus of a section of the following bundle,
A smooth conic in P 5 determines uniquely a 2-plane, thus in the Plücker embedding G(1, 3) ⊂ P 5 , we have that
(1) F 1 (Q) determines two 2-planes if rank(Q) is either 4 or 2, (2) F 1 (Q) determines a single 2-plane if rank(Q) is either 1 or 3.
Exchanging such planes gives rise to a Z/2-action on G(2, 5), the Grassmannian of 2-planes in P 5 . Such a Z/2-action on G(2, 5) preserves the Orthogonal Grassmannian OG, hence inducing a Z/2-action on the blowup Hilb 2x+1 (G (1, 3) ).
Observe that there is a SL 4 C-action on Hilb induced by the action of SL 4 on P 3 . This action stratifies Hilb in SL 4 -orbits compatible with the divisors E Let M = M 0,0 (G, 2) be the Kontsevich moduli space of degree 2 stable maps into the Grassmannian G = G (1, 3) .
Lemma 20. There is a nontrivial globally defined Z/2-action on the Kontsevich moduli space M 0,0 (G (1, 3) , 2).
Proof. Observe we have a generic 2-1 morphism from the Kotsevich moduli space M = M 0,0 (G (1, 3) , 2) = {(C, C * } to the space X of complete quadric surfaces defined as follows
where (S, C * ), following the notation of the proposition 1, stands for a surface S and the curve C * as the marking. This map is 2 to 1 over the open subset parametrizing smooth quadric surfaces as well as over the divisor of complete quadrics of rank 2. Indeed, if L∈C L sweeps out a smooth quadric S, then L is a ruling of S. The other ruling induces another conic C which gets mapped to S. The situation is similar over the locus of complete quadrics of rank 2. Notice that this map is 1-1 outside such two regions. We now define the Z/2-action on M by identifying the two curves C and C .
Corollary 21. The quotient of M 0,0 (G, 2) by the Z/2-action is isomorphic to X. In particular, the quotient is smooth.
Proof. Let Z denote the quotient of M by the Z/2-action defined above. Observe that X and Z are birational and there is a bijection between them. Zariski's Main Theorem implies the corollary.
Proof of Theorem A
The movable cone Mov(X) is the closed cone bounded by H 1 , H 2 , H 3 and P . In this section we describe all the models X(D), where D ∈ Mov(X). Moreover, we interpret the spaces constructed thus far as X(D) for some D in Mov(X) Proposition 22. There is a morphism from X + := Hilb/(Z/2) to the Z/2-Chow variety defined by forgetting the scheme structure and only remembering its cycle class. Likewise, there is morphism from the space of complete quadrics X to the same Z/2-Chow variety.
Proof. Consider the following spaces. Let I = {(C, C * , Λ)} be the incidence correspondence such that C is a connected, arithmetic genus zero, degree two curve in G(1, 3) ∩ Λ and C * is the dual curve in Λ. Let M 0,0 (G, 2) be the Kontsevich space of degree two stable maps into the Grassmannian G = G(1, 3). Let C denote the Chow variety of conics in P 5 which are contained in G(1, 3). The incidence correspondence I admits a map to both M 0,0 (G, 2) and Hilb by projection to the first two by projection to the first and third factors. By projection to the first factor, we get a map to C. Since the morphisms Kh and Ch are small contractions, and Z/2 acts trivially in SL 4 -orbits of codimension 2 and higher, then the Chow variety C inherits a Z/2-action. We thus have the following,
The existence of morphisms π 1 and π 2 follows from the fact that X as well as X + are Z/2-quotients.
In the main theorem of this section we list only the models X(D) for which we have found a moduli interpretation.
Theorem A. Let D be an effective divisor in the space of complete quadric surfaces X and let
be the model induced by D. Then, we have the following models for X(D),
(P 3 ) ∼ = P 9 and f : X → X(H 1 ) contracts the divisors E 1 and E 2 . 3. X(H 3 ) ∼ = Hilb (x+1) 2 (P 3 * ) ∼ = P 9 * and g : X → X(H 3 ) contracts the divisors E 3 and E 2 . 4. X(H 2 ) ∼ = Chow 2 (1, X) and φ : X → X(H 2 ) contracts the divisor E 2 . 5. X(D) ∼ = C/(Z/2) where C is the Chow variety of Proposition 21 and D = tH 1 + (1 − t)H 3 for 0 < t < 1. The map φ 1 : X → C/(Z/2) is a small contraction where the intersection E 1 ∩ E 3 gets contracted. 6. X(D) ∼ = X + for D contained in the domain bounded by H 1 , H 3 and P . The map φ 2 : X + → C/(Z/2) is the flip of φ 1 , where the flipping locus consists of subschemes supported on a line. 7. X(P ) ∼ = G(2, 5)/(Z/2) for P as defined in page 8.
The result above can be best seen from the following diagram:
where φ 1 and φ 2 are small contractions and the other maps, except for the flip, are all divisorial contractions. Observe that from corollary 16 and proposition 7 we know abstractly all the divisorial contractions of X or X + induced by Mov(X). In Theorem A, we list only those models for which we are exhibiting a moduli structure.
Proof of Theorem A. (1), (2), (3) follow from Theorem B, which is the description of Nef(X) as well as the description of X given in section 2.
(4) This is established in corollary 14 in section 4.
(5) Let C 1,2 be the curve defined in table on page 9, and whose deformations cover the codimension 2 subvariety E 1 ∩ E 3 . Observe that for any divisor D = tH 1 + (1 − t)H 3 where 0 < t < 1, we have that C 1,2 .D = 0, which says that φ D contracts the codimension 2 locus E 1 ∩ E 3 . The locus which is contracted does not get any larger as the map X → C/(Z/2) behaves locally similar to that of the diagram (8) and by the observation made about the Z/2-action on SL 4 -orbits, its exceptional locus behaves as in [CC10] .
(6) By definition, the morphism φ 2 : X + → C/(Z/2) is the flip of φ 1 : X → C/(Z/2), if for any divisor D in the domain bounded by H 1 , H 3 and P , then both −D is φ 1 -ample and D is φ 2 -ample.
It is important to notice that the Z/2-action on X + behaves like the identity over the locus which is flipped.
The following analysis takes place in codimension 2; by the previous observation we can neglect the Z/2-action altogether. We verify that any D as above is φ 2 -ample. Note that φ −1 2 (p) ∼ = P 1 . Indeed, for L ⊂ G (1, 3) , where L denotes a line, consider the tangent space T L G(1, 3) ∼ = P 3 . Now T L G(1, 3) ∩ G(1, 3) is a quadric of rank 1 (a double plane) with a double line 2L on it. The pencil of planes containing L are different points of Hilb, however they all map to the same point [2L] of the Chow variety C. This means that the fiber of φ 2 over the point [2L] is a pencil of planes, hence P 1 . Now let D = aH 1 + bH 3 + cP for positive a, b, c ∈ Q and where H 1 and H 3 are defined in Pic(Hilb) as follows. H 1 = {(C, Λ)| C ∩ σ 2 (P l) = ∅} for a fixed plane P l ⊂ P 3 , and H 3 = {(C, Λ)|C ∩ σ 1,1 (p) = ∅} for a fixed point p ∈ P 3 . Consequently, for the curve γ = φ Thus, D is φ 2 -ample.
Let us now describe the fiber φ −1 1 (p). By Nakai's ampleness criteria −D will be φ 1 -ample if and only if D.γ < 0 for any curve γ contained in the fiber of φ 1 . The curve C 1,2 is contained in such a fiber as it is contracted by φ 1 . Hence, Thus −D is φ 1 -ample.
(7) Follows by construction. This completes the proof of Theorem A.
Final Remarks
Let us comment on the relation of Semple's work to the results in this paper. Moreover, let us give the references to relate our work to GIT theory.
Consider the space of complete quadric surfaces X ⊂ P 9 ×P 20 ×P 9 * = P 1 ×P 2 ×P 3 . Theorem A says that the image of the projection map ρ i : X → P i is isomorphic to X(H i ), for 1 ≤ i ≤ 3. One can also consider the projection to ρ i,j : X → P i × P j , for 1 ≤ i < j ≤ 3. Semple focused on the projections ρ 2 and ρ 1,3 . For example, he denotes the space ρ 2 (X) by C 92 9 [19] and carefully studies its singularities. By proposition 7, the projection ρ 1,2 (X) (respectively, ρ 2,3 (X)) is a divisorial contraction isomorphic to X 1 (respectively, Y 1 ). The projection ρ 1,3 (X) is of a different kind. It is a small contraction which Semple denotes by W 9 . He carefully analyzes the singularities of W 9 as well as its geometry. Thus far, we may categorize the study of these spaces as analyzing the models arising from divisors in the nef cone of X.
Birational models of X not analyzed in [Sem52] arise when we study models X(D) induced by divisors D which are not nef, but which are contained in the movable cone. One such example is the flip of X over ρ 1,3 (X).
On the other hand, the space of complete (n − 1)-quadrics can be obtained as a GIT quotient. Indeed, De Concini and Procesi in [DCP80] constructed the "wonderful compactification" of a symmetric variety. Viewing SL n+1 C ∼ = SL n+1 C × SL n+1 C/∆, as a symmetric variety, one can consider the wonderful compactification G = SL n+1 C. This is a H-variety, where H is the fixed subgroup of the SL n+1 -involution A → t A −1 . Thus, we can take the GIT quotient G ss //H. This quotient is a compactification of SL n+1 /H which, for a suitable choice of linearization of H, is isomorphic to complete (n − 1)-quadrics [See, [Kan99] ]. This point of view suggests that we might understand Theorem A as a variation of GIT. We would like to comeback to this point in the future.
